Nomenclature reference length, Cr/2 reference length; root chord coefficient of lifting pressure, Ap/(pu2/2) frequency, Hz reduced frequency, obo/U freestream Mach number lifting pressure: positive up generalized coordinate of motion for mode i time freestream speed riglibhand orthogonal coordinates ratio of wing mass lo mass of air in the lruncaled cone that encloses the wing freestream flow density disturbance velocity potential circular frequency, in general; of mode i and of the first torsion mode, respectively, rad/sec I n t r o w Significant research effort is currently underway to develop computational fluid dynamics (CFD) methods for refined unsteady aerodynamics for aeroelastic analysis. Edwards and Thomas1 have given a recent survey, for example, on computational methods for unsteady transonic flows with emphasis on applications to aeroelastic analysis and flutter prediction. The transonic speed range is of primary interest because the flutter dynamic pressure Is typically critical (i.e.. lower) there. The main effort, especially for three-dimensional configurations, has been at the transonic small disturbance (TSD) equation level, of which the XTRAN3S program is an important example.2 For the higher equation levels such as the Euler and NavierStokes equations. efforts on aeroelastic applications have been limited to simple two-dimensional airfoils because of the larger computational cost involved. Two recent efforts are reported by Bendiksen and Kousens and by Wu, Kaza, and Sankar. 4 The TSD formulation has the advantage of relatively low cost and the simplicity of the gridding and geometry preprocessing while retaining much of the essential features of the physics of unsteady transonic flow. Batinas has described the development of a time-accurate approximate factorization (AF) algorithm applied to the TSD equation that is very stable and is efficient on current supercomputers with vector arithmetic. The AF algorithm has subsequently been developed into a new computer program called CAP-TSD (for computational Aeroelasticity Erogram -Iransonic Small Uisturbance) for transonic aeroelastic analysis of complete aircraft configurations.6 CAP-TSD has been used to calculate steady and unsteady pressures on wings and configurations at subsonic, transonic, and supersonic Mach numbers. Comparisons of these results with other methods and with experimental data have been favorable (Refs. 6 and 7). However, the CAP-TSD code has been developed primarily for aeroelastic analysis. Such analysis involves the coupling of the aerodynamics with the structural characteristics of the configuration under consideration. The resulting equations of motion for a time-domain or timemarching aeroelastic analysis are based upon the aircraft natural vibration modes. These equations are integrated in time along with the finite-difference solution of the flow field. Initial conditions for each mode are input and free decay transients are calculated. Aeroelaslic stability is then deduced from the free decay records or time histories. Both the underlying theory and the numerical procedures require evaluation. The purpose of the present paper is to report on the results of an evaluation of the application of CAP-TSD for flutter calculations.
1
TWO wing planforms are treated for flutter comparisons.
Oce planform is a series of 45" swept wings6 which are an AGARD standard configuration for aeroelastic analysis.9 The other planform is a clipped delta winglo.11 that was used in some early active controls work. The physical properlies and experimental flutter boundaries for these wings are well 1 defined, which is essential for validation purposes. In addition tc comparisons with experimental data, results from CAP-YSD with wing thickness neglected are compared with subsonic linear theory which should give corresponding results. In an earlier paper1 2 generalized aerodynamic forces for one of the 45' wings computed from CAP-TSD were shown to be in good agreement with linear theory forces over a broad range of reduced frequency. There was also good agreement of the fluner boundary calculated with CAP-TSD with the boundaries obtained from linear theory and from experiment. These fluner results12 and additional calculations are included herein in order to present a complete set of calculations for the series of 4 5 ' wings.
In this paper a brief description of CAP-TSD and the aeroelastic analysis is given, an overall description of the wings analyzed is given, and the flutter results are described.
In this section, the computational procedures are described including the CAP-TSD program, the aeroelastic equations of motion, the time-marching solution of these equations, and the modal identification of the resulting free decay transients. 
In these definitions, mi, ci. and ki are elements of the mass, damping, and stiffness matrices, respectively, corresponding to mode i. Equation (5) is a finite-dimensional linear differential equation and its solution is given by
The state transition matrix @(I) I exp [All. in Qeneral. can be calculated to any assigned accuracy by using a sufficient number of terms of the series expansion of the matrix exponential function. For the aeroelastic problem considered here, @(t) is computed exactly using simple closed-form expressions for each element of the matrix. As explained in Ref. (15), the first term in Eq. (6) is the homogeneous response portion of Eq. (5). while the second term is a convolution integral which represents the forced response.
Numerically, the solution is advanced from any time step n to step n + 1, by
where At is the time step. The simplest approximation for the integral is to assume that u(t) is constant, u(t) I U(nAt). A better approximation is to assume that u varies linearly from un to un+1, estimating un+1 as un + (un -un-1). The resulting algorithm is
where 8 is the integral of the state-transition matrix @. Reference (1 6) describes a comparative evaluation of seven alternative structural integration algorithms including that of Eq. (8). The modified state-transition matrix integrator of Eq. (8) was shown to be superior to the others in terms of numerical stability and accuracy.
For aeroelastic analysis, two steps are generally required in performing the calculations. In the first step, the steady-state flow field is calculated to account for wing thickness, camber, and mean angle of attack, thus providing the starting flow field for the aeroelastic analysis. The second step is to prescribe an initial disturbance to begin the structural integration. Experience has shown that using disturbance velocities in one or more modes, rather than displacements is distinctly superior in avoiding nonphysical, strictly numerical transients and their possible associated instabilities. For the applications presented herein, 750-1000 time steps were typically used to compute about three to six cycles of the dominant flutter mode. In determining a flutter point, the freestream Mach number M and the associated freestream speed U were held fixed. A judiciously chosen value of the dynamic pressure pU2/2 is used and free decay transients are computed. These resulting transients of the generalized coordinates are analyzed for their content of damped or growing sine-waves, with the rates of growth or decay indicating whether the dynamic pressure is above or below the flutter value. This analysis then indicates whether to increase or decrease the value of dynamic pressure in subsequent runs to determine a neutrally stable result. Further details are given in the following section on modal identification.
As previously mentioned, CAP-TSD generates free decay transients that must be analyzed for the modal stability characteristics. An example transient for a 45" sweptback wing, calculated using CAP-TSD is shown in Fig. l(a) . All four modes used in the analysis were excited by specifying an initial condition for each modal velocity which produces a complicated decay record. This record is analyzed using a least-squares curve-fit of the response data with complex exponential functions. The program utilized i s a derivative of the one described in Ref. (17) . The components of the transient of Fig. l(a) are plotted in Fig. l(b) Fig. 3 . me wings have a NACA 65A004 airfoil rectbn and were constructed of laminated mahogany. In order to obtain flutter for a wide r a w of Mach number and densky conditions In the TOT, some of the wings had holes drilled through the wing to reduce the stiffness. To maintain 
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the airfoil shape, the holes were filled with a rigid foam plastic as can be seen In Fig. 2 Mode shapes for both WEAK3 and SOLID2 models were calculated with a finite element analysis and are ghren In Ref.
9. Figure 4 shows oblique projectbns for the lour natural nacelles. The total mass of these bodies was about the same as the total mass of the wing. A fuse la!^ fairing was used to ensure that the wing root was outside the tunnel-wall boundary layer (Fig. 6 ).
Nine natural vibration modes and their associated generalized masses were measured.11 Oblique projections of these modes are shown In Fig. 7 In the subsonic Mach number range, the CAP-TSD and FAST calculations predict a slightly unconservative flutter speed, except at M = 0.338. by as much as 2% (Fig. 8(a) ), and a higher flutter frequency (Fig. 8(b) Comparisons between the two sets of CAP-TSD results show differences due to wing thickness and nonlinear effects. With increasing Mach number these differences become larger.
For example, at M . . 0.678. 0.901, and 0.96, the flutter speed index decreased by 1%. 5%. and 19%. respectively. as shown in Fig. 9(a) . Similar decreases also occur in the flutter frequency (Fig. 9(b) ). The decrease in flutter speed at M = 0.901 is largely due to including wing thickness since there are no supersonic points in the flow calculations at this condition. The decrease in flutter speed at M = 0.96 is attributed to both wing thickness and nonlinear effects since an embedded supersonic region of moderate size was calculated in the wing tip region. The nonlinear CAP-TSD results at both M = 0.901 and 0.96 are slightly conservative in comparison with the experimental flutter speed index value. Nonetheless. the nonlinear CAP-TSD flutter results compare favorably with the experimental data, which is the first step toward validating the code for general transonic aeroelastic applications. Fig. 12(a) . The flutter frequency ratios are in good agreement with experiment. (Fig. 12(b) In an effort to assess the accuracy of the CAP-TSD program for aeroelastic applications, flutter calculations have been made for several wings of two different planforms varying in sweep and taper and with thin airfoil sections. One planform is a series of 45" swept wings which is an AGARD standard configuration for aeroelastic analysis. The other planform is a clipped delta wing that was used in some early active controls work. The physical properties and experimental flutter boundaries for these wings are well defined for validation purposes.
Extensive comparisons were made between the results of CAP-TSD using the linear equation and no airfoil thickness and the results obtained from a subsonic kernel function analysis. The compdrisons indicated good to excellent agreement for these analyses The eflect of thickness lor these thin wings as determined from CAP TSD was relatively small and improved the agreement with experiment
The calculations with CAP-TSD covered an extensive Mach number range from low subsonic to low supersonic values with good overall agreement with experiment. Both wings have very thin airloil sections and consequently the effects of thickness were modest. Further analysis for thick and supercritical wings is needed. 
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Abstract
The paper describes the a p p l i c a t i o n and assessment o f t h e recently-developed CAP-TSD t r a n s o n i c small-disturbance code f o r f l u t t e r p r e d i c t i o n . program has been developed f o r a e r o e l a s t i c a n a l y s i s o f complete a i r c r a f t c o n f i g u r a t i o n s and was p r e v i o u s l y a p p l i e d t o the c a l c u l a t i o n o f steady and unsteady pressures w i t h favorable r e s u l t s . F l u t t e r c a l c u l a t i o n s a r e presented f o r two t h i n , swept-and-tapered wing planforms w i t h we1 1 -defined modal p r o p e r t i e s . c a l c u l a t i o n s are f o r Mach numbers from low subsonic t o low supersonic values, i n c l u d i n g t h e transonic range, and are compared w i t h subsonic l i n e a r t h e o r y and experimental f l u t t e r data. The CAP-TSD f l u t t e r r e s u l t s a r e g e n e r a l l y i n good agreement w i t h t h e experimental values and are i n good agreement w i t h subsonic l i n e a r theory when wing thickness i s neglected. 
